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The process of multiple scattering of high energy protons in a silicon crystal at its amorphous orientation
was studied by simulation of proton trajectories in the model of binary collisions and by a straight
simulation of the sequences of proton collisions with atoms when their impact parameters are randomly
and uniformly distributed on the symmetry cell for a given crystallography direction. The value of the
RMS deﬂection of multiple scattering obtained by the simulation is in a good agreement with the experi-
ment and more than 15% larger than it follows from the Moliere theory. The obtained RMS deﬂection
used in the Gaussian approach of multiple scattering well describes dechanneling of protons in the frame
of the planar potential model. Different number of proton collisions with atoms occurs along the same
crystal length for different crystal orientations. However, the change of the collision number is compen-
sated by the corresponding change of the mean square deﬂection in a single collision. Therefore, multiple
scattering is the same for different crystal orientations. The generator of multiple scattering for amor-
phous crystal orientations was proposed.
 2015 CERN for the beneﬁt of the Authors. Published by Elsevier B.V. This is an open access article under
the CC BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
High energy charged particles passing through a matter experi-
ence multiple deﬂections in collisions with atoms. The deﬂections
occur mainly due to scattering by the electric ﬁeld of atomic nuclei
screened by electrons. The theoretical description of multiple scat-
tering is based on the solution of the transport equation consider-
ing the particle balance for a given deﬂection. The multiple
scattering theory of Moliere whose description may be found in
[1] is the most popular one. The angular distribution of particles
due to multiple scattering is close to a Gaussian one because the
deﬂections are formed by the sequences of large number of small
deﬂections. However, the distribution differs from the Gaussian
one for large deﬂection angles because of a contribution of close
collisions with atoms to the sequences.
The Gaussian distribution approach is widely used in the
experimental practice for the description of multiple scattering of
charged particles in the targets. One of the ﬁrst estimations for
the mean square of the multiple scattering angle by atomic nuclei
was suggested by Rossi [2]:h2R ¼
Es
pv
 2 L
LR
; ð1Þ
where p, v are the particle momentum and velocity, L is the target
length, LR is the radiation length (for interactions with nuclei with-
out a contribution of electrons), Es = 21 MeV. The estimation of the
RMS deﬂection obtained by ﬁtting the Moliere distribution shows
its nonlinearity with the target length L [3]:
ho ¼ 13:6 MeVpv
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L=LR
p
ð1þ 0:038 ln ðL=LRÞÞ: ð2Þ
Successive collisions with atoms are correlated for the particle
passage through a crystal in the channeling conditions. The trajec-
tories of channeled particles are described in the ﬁrst approxima-
tion by the potential averaged along some crystallographic
planes or axes [4]. The real crystal potential differs from the aver-
aged one due to the lattice discreteness and thermal vibrations of
atoms. This causes deﬂections of channeled particles, which are
considered as a result of their multiple scattering by atomic nuclei.
In this case, the intensity of multiple scattering depends on the
transverse particle position in a channel. The mean square deﬂec-
tion (MSD) per unit length is described through the local density of
atomic nuclei in a channel P(x) formed by thermal vibrations of
atoms around the lattice points [5]:
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Fig. 1. (a) Schematic presentation of the symmetry cells in a Si crystal along its
h1 1 1i axis. The lattice points in the cell centers are also shown. (b) Angular space
around the h1 1 1i Si axis. Lines show the directions of the main crystallographic
planes passing through the axis. Amorphous orientation used in simulation is
shown by the point with angular coordinates (ho, uo) far from the axis and plane
directions.
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Dz
ðxÞ ¼ PðxÞ D
h2
Dz
 
R
; ð3Þ
where ðDh2=DzÞR is the MSD value for the amorphous state of the
target. Its estimation can be made with the expression (1). The
simulation of particle trajectories in the averaged potential of bent
crystallographic axes or planes with the step-by-step calculation of
multiple scattering in the Gaussian distribution approach with the
mean square deﬂection (3) has been proposed in [6] for the descrip-
tion of channeling effects in bent crystals [7]. The model of the lat-
tice of bent atomic strings or planes gives a good agreement with
the results of the experiments on the study of channeling and vol-
ume reﬂection in bent crystals performed at the external beams
of the CERN SPS and in the experiments on the SPS beam collima-
tion assisted with a bent crystal. In the last years, simulation codes
for these purposes were also developed by the other authors [8–11].
The accurate presentation of large deﬂections in multiple scattering
of high energy protons in a bent crystal for its amorphous orienta-
tions, which are not described in the Gaussian distribution
approach, is necessary for the studies of the crystal assisted collima-
tion at the SPS and the LHC. Some approximation for the tail of the
multiple scattering distribution was suggested in [12]. However, the
approximation may describe the real distributions only for some
narrow range of the target thickness.
In this paper multiple scattering of 400 GeV/c protons in a sili-
con crystal for its amorphous orientations was studied by simula-
tion of particle trajectories using the binary collision model [13].
The simulation results were compared with the experiment and
with the distribution calculated according to the Moliere theory.
The obtained value of the RMS deﬂection was used then in the pla-
nar potential model for the calculation of multiple scattering of
protons in channeling conditions according to (3) to study the pro-
ton beam deﬂection by a bent silicon crystal in the experiment
[14].
Besides, a straight simulation of multiple scattering of protons
in a crystal was performed by the calculation of the sequences of
deﬂections in random collisions of protons with Si atoms when
their impact parameters are uniformly distributed on the symme-
try cell for a given crystallographic direction. The number of colli-
sions with atoms is different for different crystallographic
directions at the same crystal length. The effect of this circum-
stance on multiple scattering was considered.
2. Multiple scattering of protons in a Si crystal in binary
collision model
It is considered that multiple scattering of charged particles in a
crystal target for its orientations far from the main crystallographic
axes and planes is the same as in the target with amorphous state
of the same substance (these crystal orientations are called ‘‘amor-
phous’’ ones). Therefore, it is assumed that the impact parameter
distribution of particles in collisions with the crystal atoms is uni-
form in this case.
The model of binary collisions [13] was used here to study mul-
tiple scattering of high energy protons in a silicon crystal. This
model allowed us in [15] to prove possibility of the deﬂection of
high energy charged particles in channeling states by a bent crystal
before the real experiment [16]. In this model, the particle trajec-
tories formed in collisions with atoms in a crystal with taking into
account the crystal lattice geometry and thermal vibrations of
atoms around the lattice points were calculated in detail.
Simulation was made for the passage of 400 GeV/c protons
through a 1.94 mm long silicon crystal along its h1 1 1i crystallo-
graphic axis (for the conditions of the experiment [14]). Fig. 1a
shows the symmetry cells for the h1 1 1i direction in a Si crystal.
The central points of the cells correspond to the atomic stringpositions along the h1 1 1i direction. The distance between atoms
in the h1 1 1i strings alternates, da1 =
ﬃﬃﬃ
3
p
d/4 and da2 = 3da1, where
d = 5.431 Å is the lattice constant. The atoms of the strings (1–3)
and (4–6) are shifted relative to the atoms of the string 0 by
ds1 =
ﬃﬃﬃ
3
p
d/3 and ds2 = 2ds1, respectively. The deﬂection angle in
the collision with a silicon atom with the impact parameter r
was calculated as in [15] in the momentum approximation using
the Moliere approach for the atomic potential [17]:
hðrÞ ¼ 2Ze
2
pva
X3
i¼1
aibiK1ðbir=aÞ; ð4Þ
where a is the screening length, Z is a silicon nucleus charge, K1 is
the modiﬁed Hankel function of the ﬁrst order, ai, bi are the Moliere
potential coefﬁcients. The table of the values rh(r) were calculated
according to (4). The proton deﬂection angle for a given impact
parameter r was found from the table by interpolation as in [18]
(the inaccuracy in this case is smaller than 1% already with the table
step of 103 Å).
Fig. 1b shows the angular space around the h1 1 1i crystallo-
graphic axis of a silicon crystal. The lines show the directions of
the main crystal planes passing through the axis. The direction of
the incident beam should be far from the axis and plane directions
to avoid the potential scattering of protons. So, the contribution of
the potential scattering by a crystal plane decreases with the
orientation angle hxo as:
DhpðhxoÞ ¼ hxo 1 ð1 h2c =h2xoÞ
1=2
h i
; ð5Þ
where Dhp determines the difference of the exit angles for particles
with the same transverse energy which exit the crystal at two
00.05
0.1
-20 -10 0 10 20
θx (μrad)
Co
un
t
Fig. 2. Distribution of deﬂection angles for 400 GeV/c protons passed through a
1.94 mm long Si crystal in its amorphous orientation obtained by simulation using
the binary collision model. Solid line is Gaussian ﬁt of the distribution. Moliere
distribution is shown by dot-dashed line.
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Fig. 3. The distributions of deﬂection angles for 400 GeV/c protons passed through
a 1.94 mm long Si crystal in its channeling orientation observed in the experiment
[9] and obtained by simulation in the planar model using (3) to describe multiple
scattering in the Gaussian distribution approach (hatched). The vertical dot-dashed
lines show the boundaries of the dechanneled beam fraction. Solid line is the
exponential ﬁt for the dechanneled fraction.
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plane position, hc = (2uo/pv)1/2 is the critical channeling angle, uo is
the potential well depth of the planar channel. For 400 GeV/c pro-
tons in the (110) planar channel hc = 10.65 lrad, therefore the
potential scattering contribution may be neglected for the consid-
ered crystal length already for the orientation angle hxo = 1 -
mrad  100hc, Dhpð100hcÞ ¼ 0:005hc . For the axial channeling
along the h1 1 1i direction the critical channeling angle is about 2
times larger, w1 = 20.7 lrad. The initial proton direction with the
azimuthal coordinates ho = 10 mrad and uo = 45was selected to
study multiple scattering in a silicon crystal (it is shown by the
point in Fig. 1b). The potential scattering contribution is practically
negligible in these conditions. The incidence points of protons were
uniformly distributed on the h1 1 1i symmetry cell.
The simulation results show that the impact parameter distri-
bution with atoms along a proton trajectory becomes close to a
uniform one already after the crystal depth of a few microns.
Fig. 2 shows the distribution of deﬂection angles for 400 GeV/c pro-
tons passed through a 1.94 mm long silicon crystal along the
h1 1 1i direction obtained by simulation. The distribution is well
ﬁtted by a Gaussian with the RMS deﬂection rs = 4.56 lrad. The
Moliere distribution of multiple scattering in this case calculated
by a numeric integration of the expression (20) from [1] without
the contribution of electrons is shown by the dot-dashed line.
The Gaussian ﬁt of the Moliere distribution gives for the RMS
deﬂection rm = 3.83 lrad, which is more than 15% smaller than
for the simulation result. The contribution of the atomic electrons
in multiple scattering estimated as in [1] increases the RMS deﬂec-
tion in silicon by 4%. Thus, with taking into account multiple scat-
tering by the crystal electrons we should have for the RMS
deﬂection obtained by simulation rs = 4.74 lrad. The expression
(2) gives a smaller value for the RMS deﬂection, ho = 4.17 lrad.
In the experiment [14], the probability of inelastic nuclear inter-
actions for 400 GeV/c protons in a 1.94 mm long bent silicon crys-
tal was studied in the case of planar channeling along the (110)
planes. Large statistics for the beam characteristics have been
accumulated in the experiment also for some amorphous
orientation and in the case without the crystal. The measurements
without the crystal allowed estimating the background of the
beam loss detectors. Besides in this case, the RMS value of the
deﬂection angle distribution of protons determines the angular
resolution of the experiment. The difference of the mean square
deﬂection for these two cases is determined by multiple scattering
of protons in the crystal. As it follows from the additional analysis
of these measurements performed recently the RMS deﬂection
angle of multiple scattering of protons in the crystal should be inthe interval rex = 4.6–4.9 lrad. Thus, the simulation result is in a
good agreement with the experiment.
The calculations of particle passage through a crystal using the
binary collision model require large CPU times because the trajec-
tory step is a few angstroms. The step may be considerably larger
when the model [6] with the averaged planar potential and multi-
ple scattering by the atomic nuclei according to (3) is used for
simulation of particle trajectories in a crystal. The step value
depends on the particle momentum, which determines the particle
wavelength in the crystal channels. The operation speed of such
simulation is sufﬁcient to use it for the experiment planning and
for the interpretation of the experimental data. Multiple scattering
by the atomic electrons is considered separately with taking into
account their local density in the crystal channel [6]. However,
the dechanneling length due to scattering by the crystal electrons
is about 20 cm for the considered proton energy [7], therefore its
contribution to particle dechanneling in short crystals is very
small. Up to now we used the expression (1) for the consideration
of multiple scattering by the atomic nuclei, which gives hR = 5.12
lrad for the crystal used in the experiment [14]. This value is larger
by 12% than the value obtained here by the simulation using the
binary collision model.
The planar model with the mean square deﬂection per unit
length obtained above in the binary collision model
ðDh2=DzÞR ¼ r2s =L was used for simulation of the passage of
400 GeV/c protons through a bent silicon crystal in its channeling
orientation in the conditions of the experiment [14]. Fig. 3 shows
the distributions of deﬂection angles of protons observed in the
experiment [14] and obtained by simulation (hatched). The deﬂec-
tion efﬁciency that is the relative number of particles in the right
maximum is 76.8% and 80.2% for the experiment and simulation,
respectively. The relative number of particles between the chan-
neling maximum and the straight beam (between two dot-dashed
lines), which were dechanneled due to multiple scattering, is 6.4%
and 5.9%, respectively. The agreement with the experiment is suf-
ﬁciently good. The difference between the dechanneled fraction
values is smaller than 10%.
3. Straight simulation of multiple scattering
The simulation of proton trajectories in a crystal using the bina-
ry collision model showed that the impact parameter distribution
of particles with atoms is uniform for the amorphous crystal
orientations as in amorphous substance. Therefore, the process of
354 A.M. Taratin, W. Scandale /Nuclear Instruments and Methods in Physics Research B 355 (2015) 351–355multiple scattering of particles in a crystal for these conditions may
be simulated without calculation of their trajectories as the
sequence of deﬂections in random collisions of particles with
atoms when their impact parameters are uniformly distributed
on the symmetry cell.
The angular deﬂection of a particle at the exit from the crystal
with the length L is determined as the sum of NL deﬂections in sin-
gle collisions with atoms with the impact parameter rn:
hxðNÞ ¼
XNL
n¼1
hðrnÞxn=rn;
rn ¼ x2n þ y2n
 1=2
; NL ¼ L=da;
ð6Þ
where xn, yn are the particle coordinates in the cell randomly select-
ed from the uniform distribution, da is the distance between atoms
along the crystal axis. The calculations in a silicon crystal along the
h1 1 1i axis, with da = (da1+da2)/2 =
ﬃﬃﬃ
3
p
d/2, were performed for
450 GeV/c protons which corresponds to the LHC injection. Fig. 4
shows the distributions of deﬂection angles for 450 GeV/c protons
obtained by the straight simulation of multiple scattering by silicon
atoms according to (6) for the crystal length 40 lm (a) and 4 mm
(b) and Gaussian ﬁts of the distributions. The vertical dot-dashed
lines show the central region boundaries at ±2.5r. The distribution
tails are not described by a Gaussian. They are considerably longer
especially in the case of a very short crystal. The calculations using a
round cell with the same area give the same results for multiple
scattering.1
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Fig. 4. Distributions of deﬂection angles for 450 GeV/c protons obtained by
simulation of multiple scattering as the sequence of random collisions of particles
with atoms in Si crystal along the h1 1 1i axis. Number of collisions NL = L/da along
the length L is determined by the interatomic distance da along the axis. The impact
parameters are uniformly distributed on the symmetry cell of the axis. The crystal
length is 40 lm (a) and 4 mm (b). Gaussian ﬁt is shown by solid lines. Dot-dashed
lines show the boundaries of the Gaussian part of the distributions at ±2.5r.Fig. 5 shows the dependencies on the crystal length for the
mean square deﬂection due to multiple scattering (a) and for the
tail fraction value with the deﬂection angles h[ > 2.5r (b), which
is not described by a Gaussian approach. The tail fraction decreases
with increasing the crystal length but it is still about 2% even for
4 mm long crystal (the tail fraction for a Gaussian distribution
equals only 1.24%). For simulation in the planar model the tail frac-
tion of multiple scattering may be larger 5% in one simulation step
because of its small value and small density of nuclei far from the
plane positions. This contributes to the inaccuracy of the dechan-
neling description used a Gaussian distribution approach in the
planar model.
For high energy charged particles the amorphous crystal orien-
tations can be realized for sufﬁciently small angles with the crystal-
lographic axes, h[o 1, when the particles pass through the whole
crystal near the axis direction. The distance between atoms of the
crystallographic axis determines the number of scatterings NL = L/
da along the crystal length L. The crystallographic axis direction is
characterized by its symmetry cell, which determines the value of
the collision areawith atoms, S = 1/(nda), where n is the atomic den-
sity (n = 8/d3 for Si). The interatomic distance is different for differ-
ent crystallographic directions. So, for the h1 0 0i direction da = d,
which is in 2=
ﬃﬃﬃ
3
p
times larger than da along the h1 1 1i axis.We per-
formed the straight simulation of multiple scattering of 450 GeV/c
protons also for the h1 0 0i orientation in a silicon crystal. The sym-
metry cell for the h1 0 0i orientation is a square, whose area is in
2=
ﬃﬃﬃ
3
p
times smaller than for the h1 1 1i axis. The simulation results
show that the distribution of proton deﬂection angles due to multi-
ple scattering along the h1 0 0i axis is the same as along the h1 1 1i
axis though the number of scatterings NL is in 2=
ﬃﬃﬃ
3
p
times smaller.0
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Fig. 5. The dependences on the crystal length (a) for the mean square deﬂection r2
of the Gaussian ﬁt of the deﬂection angle distributions of 450 GeV/c protons like
shown in Fig. 4 and (b) for the tail part of the distributions with deﬂection angles
larger than 2.5r.
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Fig. 6. The square of the projected deﬂection angle for 450 GeV/c protons in a single
collision with Si atom averaged along the round cell as a function of its radius
square R2. The inverse function ﬁt is shown by line.
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Fig. 7. Fit of the deﬂection angle distribution for 450 GeV/c protons in a 4 mm long
Si crystal with Gaussian and exponential functions to produce the generator of
multiple scattering.
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screening atomic potential h2x is inversely proportional to the cell
radius square R2 when R > a (Fig. 6). So, the increase of h2x compen-
sates the decrease of the scattering number NL.
Silicon bent crystals with 4 mm length will be used for the
experimental studies on the LHC beam collimation. The deﬂection
angle distribution of 450 GeV/c protons due to multiple scattering
in a 4 mm long silicon crystal for its amorphous orientation was
shown in Fig. 4b. Fig. 7 shows that the tail of thismultiple scattering
distribution for the deﬂection angles h[ > 2.5r, which is not
described by a Gaussian, is well ﬁtted by a single exponent. Thus,
a fast generator of multiple scattering of protons in the crystal
deﬂector for its amorphous orientations, which is composed by
two functions of f 1ðhxÞ ¼ a expðh2x=2r2Þ and f 2ðhxÞ ¼ expðb chxÞ
with parameters a, r, b, c, may be used for simulation of the LHC
beam collimation.
4. Conclusion
The angular distribution of high energy protons due to multiple
scattering by atomic nuclei in a silicon crystal for its amorphousorientation, which is far from the directions of the main crystallo-
graphic axes and planes, was obtained by simulation of the particle
trajectories according to the binary collisions model. The RMS
deﬂection value of the distribution is in a good agreement with
the experimental data and more than 15% larger than it follows
from the Moliere theory. The obtained value of the RMS deﬂection
was used in the Gaussian distribution approach for the description
of multiple scattering of protons in channeling conditions in the
planar potential model. This simulation well describes dechannel-
ing of protons due to multiple scattering, the inaccuracy is smaller
than 10%.
The uniform distribution of the impact parameters in collisions
of protons with atoms is realized in a crystal for its amorphous ori-
entations. This allows to consider the multiple scattering process in
a crystal as in amorphous substance as the sequence of angular
deﬂections of particles in random collisions with atoms when their
impact parameters are uniformly distributed on the symmetry cell.
The number of collisions with atoms along the crystal length and
the collision area are different for different crystallographic direc-
tions. They are inversely proportional to the interatomic distance
along the crystal axis. However, multiple scattering along the
length L is the same for different crystal orientations because the
mean square deﬂection in a single collision is inversely proportion-
al to the collision area and consequently proportional to the inter-
atomic distance. Therefore, a reduction of the collision number for
the crystal axis with larger interatomic distance is compensated by
the corresponding increase of deﬂections in single collisions.
It is well known that the tail of the deﬂection distribution of
particles due to multiple scattering is not described by Gaussian.
Our studies show that the tail fraction and its length increase with
decreasing the target length. A fast generator of multiple scattering
of particles in a crystal for its amorphous orientations (as well as in
amorphous targets) was suggested.
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